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Abstract: A strut-and-tie model (STM) is proposed for theahearrying capacity of continuous RC deep bearnst, F
the mathematical formulation is given to fully deéke the geometry, derivation of internal forcesalaation of
compressive and tensile stresses, and considemationoncrete tension softening. Second, validasardies for the
modified STM are made for number of tested beammfthe literature. Finally, a comparative studypigsented
between the results of proposed STM with the modesCP code and the ACI code.
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The strut-and-tie method can be used for the desiddisturbed regions (D-regions) of structures rehthe
basic assumption of flexure theory, namely plartices remaining plane before and after bendingsdwt hold true.
Such regions occur near statical discontinuitigsiray from concentrated forces or reactions andr mgsmetric
discontinuities, such as abrupt changes in crostsose The strut-and-tie method of design is basedhe assumption
that the D-regions in concrete structures can ladyaed and designed using hypothetical pin-joiritadses consisting
of struts and ties inter-connected at nodes. Siacginuous deep beams contain significant extehf3-megions and
they exhibit a marked truss or tied arch action,dtrut-and-tie method offers a rational basigtieranalysis and design
of such beams. The current paper presents the fatiotu and results for a proposed STM for contirsideep beams
as given in [1].

2. Strut-and-TieMode (STM) of Continuous Deep Beams

The proposed model is an extension to STM; propeselier for continuous deep beams [2]. A STM fwo+
span continuous deep beams with a top point lo@a&t mid-span is given in Fig. (1). It can be lided as a statically
indeterminate truss as shown in Fig. (2). The deepm under consideration can be assumed to be omadé a
primary negative moment truss and a primary pasitimoment truss as presented in Fig. (2). The locaéind
orientation of the struts and ties are definedhsy pposition of the nodes. The horizontal positibrthe nodes can be
assumed to lie on the line of action of the respedipplied loads and the support reactions. Faicat position of
nodes, in order to exploit the full load carryirapecity of the beam, it is imperative that node8/And A' lie as close
as possible to the bottom face of the beam. Silyilire nodes C and C' assumed to lie as closesshe to the top
face of the beam with providing sufficient concreterer to the tie reinforcement.

The inclined angle of the diagonal stédican be obtained by:
tands=(h-1/2-W2)/a=(h-¢-)/(./2) Q)
Wherel, is the effective span measured between centrentre of supportdy is the beam total depth,is the shear
span measured from centre lines between the loddsapport bearing plated., andly are the respective depths of
bottom and top nodal zones as shown in Fig. (3)veare taken as:
lc=2¢c (2)
l4=2¢c 3)
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Figure (3) Details of Nodal Zonesin Continuous Deep Beams

c; andc, are the distances from the centroid of the top lasitbm longitudinal steel bars to the beam top bedm
soffit respectively. The term&g,1, Asyr andAgy3 are assumed to be the cross-sectional areas ahdseof the tapered
concrete struts (Fig. (3)), whilk,, andAgys represent the average cross-sectional areas afutiee and inner tapered
concrete struts, respectively as shown in Fig. {Bey are expressed as follows:

Asy1 = by (Ic cogs + 1, Sind) 4)
Asiz = by (Ic coFs + | sind) )
Asiz = by, (Ig cOFs + |5 SiNy) (6)
Astr4 = (Astrl + Astr3) /2 (7)
AstrS = (Astr2 + Astr3) /2 (8)

Wherel, I, andls are the widths of the support and load bearintepléFig. (1))



THE 13TH ARAB STRUCTURAL ENGINEERING CONFERENCE

3. Derivation of Internal Forces and End Reactions

Assuming perfect elastic—plastic material propserf@ concrete and steel bars, the internal foofeke truss
are solved. They are denoted as:

Fa=A-P ©)
T,=B P (10)
T,=C-P (11)
FCZ = D . P (12)

Where F.; and F, represent the respective forces in the outer atetior concrete strufl; and T, represent the
respective tension forces in the top and bottorgitadinal reinforcement, an represents the point load acting on the
beam (Fig. (2)). The variablds B, C, andD can be determined by means of the above mentipardneters using the
first principle analysis by applying virtual worketiod to the truss shown in Fig. (2). With relegdime intermediate
support, the internal truss forcég) will be calculated according to equilibrium eqoas as:

Foag = 0.5c00; (13)
Foac= -O.5/Sin95 (14)
Fogc= 05/5”’93 (15)
Focc = -Pcot)g (16)
Applying vertical load of value 1.0 kN (downward)the released support gives the internal forEgsds:

Foas = Pcotty (17)
Foac= -P/Sirﬂs (18)
Fosc = Zero (29)
Focc = -Cots (20)

The cross-sectional areas of the lower and uppsAB andCC' are A;; and A, respectively with lengthk
and young's modulus;. For compression strufsC andBC, the cross-sectional areas are respectifglyandAg;, with
lengths (/2 co®,) and young's modulus.. The vertical reaction at the intermediate suppart be then calculated by
applying the virtual work equations as follows:

3(FiFo LE/A) = R, Z(F°LE/A) (21)
The internal force in each member will be accorljimgiculated according to the following equation:
F=F, +RF (22)

The variablesA, B, C, andD can be determined by calculating the internaldsrfor each member and their
values will be as follows:

A= (1/sinbs) [(g+m)/(f+2g+n+m)] (23)
B = (coty) [(g+ m)/(f+2.g +n + m)] (24)
C = (cot)[(0.5f+n/2-m/2)/ (0.5 + g + n/2 + m/2)] (25)
D = (Usingy) [(f+g+n)/(f+2g+n+m) (26)
N = 0.5E/ (Asra COSOy) (27)
m= 0.5E/ (Aqs COS6s) (28)
f=EJAu (29)
g = E/Az (30)
The reaction at outer suppoR,) and intermediate suppoR] can be then calculated from Fig. (2) as:

R, = Feq Sinds (31)
R = 2 F¢ sinfs (32)

4. Evaluation of Compressive and Tensile Stressesfor STM

The principal tensile streds at the tension—compression nodal zone arises fremcomponent force of
longitudinal reinforcement in the direction perpremthr to the diagonal strut, namelys sinds. Thus, f; can be
expressed by:
fi =k Tssinds / (Ac / sindy) (33)
WhereTs sinds / (A / sindy) is the average equivalent tensile stress acresgityonal strut and, is the effective beam
cross-sectional are&, in the numerator is a factor taking account of tlo@-uniformity of the stress distribution. A
triangular stress distribution along the diagomaltsdue to the presence of the bottom steel waisnasd. According to
force equilibrium, namely, by equatifig sinds to the force represented by the triangular stoéssk. To satisfy both
moment and force equilibrium, the stress distritmutis shown in Fig. (4) and the fact@rcan be determined
accordingly. First, consider one reinforcing baatthrises-cross the diagonal strut and inclinearatingled,, from
horizontal (Fig. (4)). The effect of single reindementT is “smeared” across the entire strut length. Bplypg the
force equilibrium in the; direction to tensile forc& of the steel bar and the idealized stress digtdbualong the
diagonal strut (Fig. (4)), the following equatiazen be established:

[(K+K')/2] pr . by A Sinds = T (Sinds + Sinl) (34)
po =T (SiMs+ sindy)/ (A sirdy) (35)
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Figure (4) Deter mination of Tensile Stress Factors at Nodal Zones

Wherek andk' are the stress distribution factors at the respgedtottom & top nodal zoneg; is the diagonal strut
angle,b,, is the beam width, and} is the beam effective depth taken as the vertisthnce between the centroids of
top and bottom nodal zones. From moment equilibrabaut the top node betwe@&nand the idealized tensile stress
distribution:

[k'/2 + (k-k')/3] (dof SiMYe)? by py = T (Sirds+ sind,,) . (dJ/ sindy) (36)
Comparing equations (34) and (36), the followingtdas for determining the principal tensile strasshe respective
top and bottom nodal zones can be obtained:

k'=4 -6 (d/do) (37)
k=6 (d/do)- 2 (38)
For the case of bottom reinforcement, (Fig. (d))>= d. andé,, = 0, the stress distribution factor is:

k' =- 2 (compression) (39)

k = 4 (tension) (40)
Thus, the principal tensile strefgsn the model can be expressed as below:

fi= 4 Tssinds 1 (AJ Sinds) (41)
The maximum tensile capacity in thelirection is a composite term and can be expresged

fi=fs+ fu (42)

The termfy, represents the concrete tensile strength anttés §8,4] as function of concrete compressive gifen
The termfg represents the contribution from steel reinforcetmie consists of two parts;,, from the web reinforcement
andfss from the longitudinal reinforcement.

for= fos+ fow (43)
The contribution of bottom longitudinal stdglcan be obtained in a similar fashion:
fs= 4 Aty sinds [ (AJ Sinds) (44)

The presence of web reinforcement in the strutiotstthe diagonal crack from quickly propagatingeither
end of the strut. The tensile contribution of welmforcement at the interface of the nodal zonebeanalculated as:
fow= Aswfyw sin Os+0u ) (AJ sindy) (45)
WhereA,,, = ns Ay, represents the total area of web reinforcemess-aiossing the concrete strut, aag; is the area
of an individual web steel. For the common casesesfical ¢, = 90°) or horizontal ¢,, = 0% web reinforcement,
Equation (45) reduces to:
fov = Ay fyy SIN265 12A; (46)
fsh = Asnfyn Sinzgs 1A (47)
where,Aq, andAg, are the respective total areas of vertical anézbotal web steel within the shear span.

The principal compressive stressn the direction of the left diagonal strut at thettom nodal zone is computed from:
f2: (Fc -T Cogs) / Astr (48)
Where, A is the cross-sectional area at the bottom entdenfitagonal strut. The component fofi@®); of the main
longitudinal reinforcement is omitted for simpliciand conservatism.

The softening effects exists in concrete undertesif biaxial tension-compression, that is, trespnce of the
transverse tensile strain leads to a deterioratiothe compressive strength. In general, the egoatiat yields the
concrete softening coefficientcan be expressed as:

Fel A= 0T (48)
The modified Mohr-Coulomb criterion is adapted ¢onsidering concrete softening effect.
(fu/ ) + (f2/ o) = 1 (49)

Wheref, andf, are principal tensile and compressive stressdébeanodal zone respectivelfy, is the compressive
strength of cube, representing the maximum commessrength in thé, direction;f, represents the maximum tensile
capacity in thd,; direction.
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5. Derivation of Shear Carrying Capacity for Proposed STM

Three tension—compression nodal zones are idahtifithe STM for deep beams as shown in Fig. (1grH4
failure criterion is applied to the three nodal esnas follows:
- At nodal zone (A), the principal tensile strégsacross the diagonal strut and the principal cosgive stres$a in
the diagonal strut can be obtained as follows:

fia = 4T, ik, / (AJ Sindy) = 4C sirfo . (PIA) (50)
fon= (Fer- T2 c09y) / Asa = (A — C co8y) . (P/ Ay) (51)
From (49), (50) and (51), the following expressioam be derived for the ultimate forEga:

Pox= L/[4C sirf0s [ (fn Ac) + (A = C c08y) / (feu Astrr)] (52)
Wherefi, is the maximum tensile capacity of nodal zone Ajidirection and can be similarly expressed by:

fin = 4Asx T, Sinds 1 (A 1 Sinds) + Agw Ty SINEst+04)/ (Ac 1 sinds) + Ty, (53)

- At nodal zone (B), the principal tensile strggsacross the diagonal strut at nodal zone B consfgiso components:
the contributions from the top and bottom reinfoneat. As the factok is —2 (compression) for top steel and 4
(tension) for bottom steel, the combirfegican be expressed as below:

fig = (4T, Sitds — 27T, Sindy) / (AJ sindy) = (4C — 2B) sifds . (P/A) (54)
The principal compressive stress at nodal zonedbtiained similarly as nodal zone A:

fo5 = (Fea- T2 c09s) [ Ao = (D — C co¥s) . (P Ayo) (55)
From Equations (54), (59) and (60), the followingression can be derived for the ultimate 1&agl

Pog= 1/[(4C - 2B) sirfs/ (fis A) + (D — C co®) / (fou Asr2)] (56)
It is noteworthy that the maximum tensile capaoityiodal zone Rfg) is expressed by:

ftB = (4T2max_ Z-E.a) / (Ac / Sinzgs) + Asw 1:yw sin(95+ gw)/ (Ac / Sings) + ftu (57)
Tia= Min {Timax, (B/C) Tmat (58)

Where T,max iS the yield strength of bottom steel afg, is the corresponding tension force in the top|siehe
yielding of bottom steel. The terfm, should not exceed the yield strength of top steel.

- At nodal zone (C), similarly:

fic = (4T, SiMds — 27T, sindy) / (AJ sindy) = (4B — 2C) sifds . (P/A) (59)
foc = (Fe2- Ticol) / Asuz = (D — B co9gy) . (P/ Ay (60)
From Equations (49), (59) and (60), the followingression can be derived for the ultimate 1&ag

Pnc= 1/[(4B — 2C) sififs / (fc A) + (D — B co9y) / (f-y Asys)] (61)
The termfic in Equation (61) is the maximum tensile capacftpadal zone C:

ftC = (4T1ma><_ ZTZa) / (Ac / Sinzes) + Asw fyw Sin@s"’ Hw)/ (Ac / Sings) + ftu (62)
T2 = Min {Tomax, (C/B) Timag (63)

Similarly, Timax IS the yield strength of top steel amigl, is the corresponding tension force in the bottoeelsat the
yielding of top steelT,, should not exceed the yield strength of bottorelste

Thus the predicted ultimate lo&will be the minimum among Equations (52), (56) &), denoted aB,.

Pn = Min (Ppa, Prg, Pno) (64)

6. Validation and Compar ative Studies

Sixty continuous RC deep beams reportednyny researchers [1,2,5-9] have been evaluated by the
proposed model [2]. The details of the specimend Hre predicted-versus-actual ultimate strengthiosagre
summarized in [2]The tested beams had an overall depth ranging #@®nto 1000 mm, and an (a/d) ratio from 0.5 to
2.25.The top-and-bottom longitudinal main reinforcemeatios ranged from 0.07% to 1.88% and 0.32% to %.,88
respectively.The vertical and horizontal web reinforcement mtranged from zero to 0.90% and zero to 1.71%,
respectively. The concrete cube strengths ranged £#5 MPa to 60 MPa. The predicted ultimate stiteigt) versus
the obtained experimental strengf,) is plotted in Fig. (5)It shows the comparison of model predictions with 6
test results. Generally speaking, the proposed hisdm the safe side and gives consistent prextistiln Figure (5),
the obtained experimental strengih,) and the predicted strengf,) are listed. The overall average value of the ratio
between the experimental strengththe predicted strengils of value 1.09 and a standard deviation of OTlse
values indicate that the proposed STM gives goediptions with consistent results.

For the 60 specimens, the predicted ultimate sthesnfpr the STM by the ECP code [Rerp) and the ACI
code [4] Pac)) Were calculated. The predicted ultimate strenbththe ECP codéPecp) and the ACI codéPac)) versus
the obtained experimental strendi.,,) are plotted in Figures (6) and (7) respectivé@lge overall average ratio
between experimental strengt?.) and predicted strength is 1.20 and 1.16 withdstesh deviations of 0.17 and 0.15
for ECP and ACI design codes, respectively. Thedees indicate that the STM of the ECP code [3] tedACI code
[4] underestimate the strength of continuous RGpbdesams. Conservatively, the STM of the ECP desigie predicts
the strength on the safe side. Generally, the gtieds of the STM of the ACI design codes are anghfe side with
conservative values.
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The predicted reaction at the internal supporth®y proposed STM () versus the obtained experimental
reaction (R,) is plotted in Fig. (8) for 60 specimens. Gengrate proposed STM predicts well the reactionhat t
internal support compared to the experimental teslihe overall average value of the ratio betwhbenexperimental
reaction(Rie,) to the predicted reactidiRy,) is of value 1.04 and a standard deviation of 0.14
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7. Conclusions

The following points are drawn from the validatiand comparati\ studies of the proposed ST

1- Comparison of the predictions of the proposed (SWith 60 test results indicates that the model gaheperforms
well in predicting the ultimate load carrying capi@s for continuous deep bea The proposed ST is on the safe
side and gives consistent predictions. The ovenadrage value of the ratio between the experimestitahgtl to the
predicted strength is of value 1.09 and a standavéhtion of 0.1:

2- The predictions of STM of the ECP code [3] andAl@l code [4] underestimate the strength of continuRGsdeey
beams. The overall average ratios between expetainsinength and predicted strength are respegtivel and 1.1
for ECP and ACI design codes. The correspondimdstal deviations are 0.17d 0.15 respectivel

3- The proposed STM predicts well the reaction atititernal support compared to the experimental tesdlhe
predictions are consistent and accurate for coatisudeep beams with different geometrical propgrt@ncrett
compresive strengths and total reinforcement ratios. Therall average value of the ratio between the ewpmantal
reaction to the predicted reaction isaofalue 1.04 and a standard deviation of 0.14.
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